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S JMkiiRY 



A ch-.rt for tha valuet; of th.-? ccv->f i ic i ent in the 
foriny.la for the critical shsr.r stross at v.ri;.ich Tjuoxlinf, 
may be exjiec tea. to occur in. an infinitel/ long f lat plato 
with parallel e±^o:i is nri. ;? en^, ed , 'J: he olate ic; R-ssuroed 
to h;7,ve s^ipported edf,e;s with .-jqiial elastic restraints 
against rctaticn alcn.; their lon^-tn. Tn- inathe;r at ical 
derivations of the I'oricnles req-jire". for the coustruc- 
tion cf the chart are -iven in two ape end i:ce g . 

An f.pvro::i;i.-5ta method is pres. lilted for tne ev a' na- 
tion cf the -vitical shear stress -hen the elastic re- 
scraiatG on the tv/o parallel id gas rra not equal, Ao- 
proximate mebhcds are also given for the evalr.at i o^; cf 
tne_ critical shear stref:s for a plpte of finite len-nb 
witn the sa:ne r-gtrair.t ar-airist rotation aloi-o- nil 
edf:es. It i? pointed out that, if a plate is lou^rer than 
five tiiaes its -irlth, the QVTcr that is invol-ol as- 
sur-in- it tc be i ;if in i I. r: ly icn.- for the vvirvo:e of calcu- 
lating ite critical cho.-r r.tren5:th is less than 10 per- 
cent and is on the conservative side. 



IKTHOhUCT'IOH 



_ In the desi-n of st re s g ed-slr i n structures for air- 
crait, it is often necessary tc evaluate the crUical 
strefG at which lnc>lin£ occurs. One of the loading con- 
ditions tor v.'hich the l-uchiiin,. stress for a flat plate 
har. not -jecn adequately evrluated t ■- -or e t i cnl ly ic th*»t 
of i^he-jr force, in the plane of the plate. In" rt-f erenm 
1, oouthv.rell and Skan e^'aluated theoretically the crU^csl 
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shear stress for an infinitely lon^ flat sheet with two 
conditions of the edges, nanielyj that of sjimply supportod 
and fixed edges. 

In the present pape-r^ the thaoretical work of South- 
well and Skan has "been extended to provide a solution for 
the critical shear stress:' for an infinitely long flat 
pir.te having parallel supported edf^es 'vith equal elastic 
restraints against rotation alon^; their length. The theo- 
retical v/ork for this solution is presented in Appendix A, 
An energy solution^ presented in Appendix was used in 
conjunction vrith the exact solution of Appendix A in the 
numerical evalu^^tion of the chear stress; the fina.1 re— 
siilts of this :^-then.at ict^.l v;ork are presented in a de:3i;2n 
chart vrhich is discussed in the following sections of 
this report. 



EVALUATION C? Tdl CRITICAL SH^AE S2HliS3 



Wi thin^t he _n la.^t ic^r anc^c Vfithin the elastic range, 
in xijhich the ef7^.;ctive njoduju^ of elasticity is equal to 
Young's iTiOdulus, the critical ohcar streos t^„ for a 

thin flat re ctnnf:;ul.^r plato is expressed (reference 3, 
Ps 359) as: 



'or 



k. TT^ St^ 



12 \ L--M. ) h 



(1) 



in v/hich 



kg n on dimensional coefi5ci-3nt that depends upon con- 
ditions of edge restraint and relative diinensions 
of plate 

E Young » 3 ncdulus 

t thickness of pl^te 

Poisson^s ratio 



"b w i f; t h of pi a t e 



^^Z2,IL^.-yiil^^J-MA^l..T.^^.l^*'' 'ihen a thin flat plate 
is stressed in shear boyond the elastic ran^^^e, the 
effective modulus cf 3l-^sticity for the plate is less 
tha:: Youngro roduius. If '.'single, over-all effective 
plate modulus ri^E is sues t ituted for youn,^;:»s modulus 
E, the cr it ical^^stres 3 , whan the ratorial of the plato 
is loaded beyond ':lie elastic ran,::e, can. le obtained frojn 
eoTvation (l). The nondi!T.ons: onal coefficient r\^, has 
a value that lier, het-'/een zero and unity and is vfeter— 
mined "by the stress. 

For stresses v/ithin the elastic ran.^?:e, ri^ = 1; 
for stress'.iS beyond the elastic ran^qre, cxper i i^ental re- 
search is needed tc entablisl'i properly the variation of 
Tig v/ith stress, For stresses beyond the elastic range, 
eq,uation (l) cannot be used to solve for '^^^ directly 
becaui^e tnc value of t^^. L^ust be knov/n before the value 
of 'Hc^E, which replaces Z, can be d e t e ^-jni ned . If the 
equ^xticn Iz divided by n^, hov-ver, '^cr/'^s ^iven 
directly by the f^:9orr:e t r i cal ^liu^onsio::^ of the plate, 
Youn,r:»s modulus, and Fcisscn's ratio, Thus 

-.J.^ =r f p N 



A possible relationship bet^;een "^qt and '^cr/'^'<> 
for aluminum alloy is :e;iven in fi^^ure 1, This fi^-- 

ure was prepared iron, c or.pr e s s i on--t o r t -'ata on 2~section 
columns, presented in reference 3, by unie of the a::'finity 
relations betv;cen tension and f?hear streets-strain curves" 
developed in reference 4. The curve plotted in figure 1 
v^as obtained from figure' p of reference 3 in accord^aice 
with these affinity relations by use of the o^iuations 

'^cr ^ ^cr 

III = I f j£I 

w-.ora CTgj. is the critical c Ciif;pr e c s i v r:i stress for local 
buckling of the 2-socticn ccluir.n r.nd a^j./^ is coEipute,-] 
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froir equation (l) cf roference 5. The coefficient 
h'ls the same sij^iiii icance re.^ardin^^ conpressicn of 
plates in reference 5 as has regarding ehear of 

plates in thiss report. 

It is not knov;n v/hether the u^e of data from ccl— 
xii-n te£,ts >^ives a true indication cf the probaole action 
of thin plates under shear. The rel^ticnship shov/n in 
figure 1 is, however, 1:>elieved to be slightly conservative. 
In the absence of data on thin plates in shear, theroiore, 
the curve cf fi.^ure 1 can be used ps a t^uide in estimating 
critical shear stressc^s for o4S— T elurr:inuin alloy, 

iYALUATICiT OP kg ?0H PLATE CF lifninTE 

The value of '^cr/'^'s ^-iliich buciain^- occurs is 

fTiven by equation (2), in Vfhich all of the -:Uantitie3 
are known oxceot the valuo cf ^hc; coefficient kg. ^he 
values of can h obtained :^rc::; figure 2„ In this 

fi.^urc, kg i.^ plotted :i.-aiii:3t \/b, ' th-j ratio of the 
half ^«/avo lcn^;th of the brcklo to tho width cf the plate, 
for different values of a parameter C rlonotinc^ the 
restraiiit coefficijnt ami defined by the follcv/inr- oqua^ 
t i 0 n s : 



lii'ithin the elastic range ^ = — ~ (3) 



4 3^0 

Be^'ond tho elap.t:lc ran^re c = — -2- (4) 

s . 



In those equation;:!, D is the flexural stiffness of th,^ 

-^lato per unit length and is tho stiffn^rs 

l^fl-ij,-) 

par nn^t lon^:th cf tho elastic r esjtrain in,; uodiuni at the 
ed:-o of the plate or the monent r-quired to rotate a u.iit 
lon.;:;th cf th". Eodium throu^^h one-fourth radian. 

The solution cf the differoutial equation for the 
critical shear stress of the inf in i t ely 'l on^^ plate rcv.;als 
that, v-ho-i the relate biickles, the n:Ouients and' the rotations 
at an t^dge of the plate v^ry rinusciaally alcni^ tiie ed^^o 
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of the plate and are in rhace with each other. In order 
to evaluate for a Btiffener, plato, cr other re5tr(:in- 

ing Gtructiirn^ th.-:- conditious of continuity of rotations 
and equilibrium of moxerAs bctv/oe:: plate and restraining: 
struc'Gure as v^ell as th^ c end i t i on b " o f internal enuilibl 
"^^"^ within the restraining structure nust be satisfied, 
I I'hese conditions cf continuity and equilibrium r^^quire 

that the differential equation cf equilibrium of the vet^ 
straining ctructure for a Ginusoidally distributed ap-olied 
n^or/ient^ ^!,'ive a sinusoidally distributed rotation of the 
restraining structure in Dhase v;ith the mor^ert. Struc- 
tures of uniform section, such as stiffeners and plates 
satii:fy the forogoia;- requi r o^i ^nt . In such cases, tho ' 
rat 10^ of the inor.ent per unit l^n^:th at any point to the 
rotation at that point in cuartor radians is? 3 



'0 • 



When the elastic restralnin^n- structure consists ot'^ 
a sturdy stiff ener, defined as stiifen-^r of such oropor^ 
tions tnat It does not suffer cr c s s-s cc t i cn^. 1 dlptortio^- 
when moments ^re applied to so^^^e part of the cross section 
the value of x.s, from reference R ' 



where 
a 



torsional rigidity of stiffener 

uniformly distributed ccmpressive stress in 
stiff oner 



Ip polar EOinent of inertia of stiff ener sectional 

area aljout aris of rouation 

C3J toreion-bending constant of stiff ener s-.ctio-if-l 

area about axis of rotation r-t or nsar Pd 
of plate 

Ti, Tg nondimensional coefficients eqr.al to cr less than 
unity that ttke into account the effect cf 
stress in the stiffenf>r on the bendin/r and 
shear moduli of the stiffener 

It is not likely that any stiff oner win be under e 
compressivu stress a vrhen attached to a plate that is under 



shear only. In such cases, a in eqnation (5) is z-c^ro, 
arici both ^ and are equal tc unity, 

xhe evaluation of for other typt3s of elastic 

restraining structural eleiiicnts is a subject for further 
theoretical study. 

In >:eneral, S,^ will v;^ry vith the half -wave len-j2:th 
\. If, hov/ever, the elastic rectrainirg medium is such 
thai;, rotation at one point doos not affect rotation at 
another point, the value of is independent of \, 

In tills caj^e, tiiO value of \/b that the plate assumes 
UTiOn "buckling v;iil be the value for which is a 

li. inir.-.im, This liiinirauir vai\i.e of "T^^ vrill le ohtainod 
if the miuimum valuta of for trio particular value of 

€ established by S.^ in used in equations (l) cr (2), 

As stated j) r o v i cu;; ly , 3^.^ is not usually indencndort 
of \/b for the structural oijs.ents that provide clastic 
restraint inrt rotatio^i alorij:- xho ud^'-us of the plato^, 

(So'.: ec[U...tion ( i3 ) for th^^ :.-t;'^dy stiffon'^r^) In this iDore 
usual ca^o, a serler of valu.^T of \/b must bo assumed, 
froii; which the correspond injjj value of 3-, and t^__^^ 

ii:ay he found, until a vaj.uo of \/b is found that ^i'ivocj 
a IK 1 n i muir. v a 1 v.e f o r t.^ ^ ^ 

Beyond the elastic ran^-e, where ^ is defined by 
eau^jtion (4), the value of iLUst he known before ^ 

can be e^^aluated, because ti ii.> a function of 
A?y the probleii. is to d e t oriij iae '^cr> trial— and— error 

method of solution must obviously be eiauloyed. In order 
to facilitate such a solution a curve sl/^ov/in?; the varia- 
tion of rig with T^^ has boon included i.i figure 1^ 

If is zero, ^ is also :^ero and the condition 

of sir.ple support or of zero res':raint is obtaine^i. If 

S(-, is infinite, c is also infi^.-ite, and the ccnaition 
of a fixed ed/^^e cr of infinite rei^traiut io obtained^ 

APPECXIkATE SVALUATICU 0? CRITICAL SHEAR 
SritSSS FCH SPECIAL OASI^S 

1^1.1 A t el y JL e n ;^_p 1 b t e _ w i t h^vr. e o ua 1 _ . re tr a i n t s _ a^^;a i n s t 
Xo tatj^qn_algn^^^^ The chart of f i.^— 

ure 2 was drawn on the as- sur-:pt i on tliat equal restraints 
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exist alon^ the ed^^es, 'fhcn the tv/o edgo rostraints aro 
not equal^ n value of is found for ench of the values 

01 restraint "by tho metnod used for equal restraints. 
The averaf'O of the two values cf kc. thus chtainad should 
"be a reasonably good approximation of the true value of 
This averc;ge may be either the urithc^et ic mean 

(k^ 4- k )/2. or the geometric mean -v/k^ . As th:? 

f'^ooii.etric ineau will alvravs f;i^re a r;li£;litly loiter value for 
kg, it will be more c on s e r v/it i ve to use the geometric 
mean that the ar it hir..et ic mean^ 

The foregoing n^ethod for e t a j ^ i sh i n.:^ an approzi^ 
mate value of kg for an infinitely lonr; plate with un— 
efjual restraints alon,-?* the edf:es is su/^^ested by the fact 
that application cf this method to plates under edge coni— 
pression with unequal elastic restraints alo::i^? two edges 
;;:ivBs critical stresses ivhich are less than '6 percent in 
error, (See reference 7») It thc-u-efore appears reason- 
able to £issume that a scmev/hrit similar prccedv^re should 
also give good rcJ?'>t.lts for plates under shear, 

Seyond the elastic range it is moi^^ c on er vat ive to 
avora^^:e the critlcnl siiear stresses than to civeragc the 
corresponding values of kg and, with this average, to 
compute the critical shear stress, Thii^ r.verage of the 
critical sh^ar stress should be tiie geor.etric average, 

H ej: t an gu 1 a r 1 n t e_ q f _ f A-2li£_ ^-1 S £±li„^^ hl^ ^ qual re- 
£JLZ3,iil.L.§_-^L5ii£--§J:l ^'^^-^^J^^ ^ — ^^or a rectangular plate 
of finite length supported^ or supported and restrained 
against rotation at both the side and the end edges, the 
critical shear stress is gx^eater than for a pl^ita of the 
same width but of infinite length. An approximate value 
of kg for a flat plate of finite length with er[ual re- 
straint on the four edges can be obtained from the product 
of the critical shear stress for an infinitely long^plate 
and the factor K read from the curv-s of figure o,/ Tiie 
two curves in this figure for € = o and € co v:ere de- 
tained from numerical values given in references 2 and 8, 
re spv^ct i vely^ These curves are net exact, but tney are 
good engineering approximations. The fact that the tv/o 
curves for ? = 0 and c tc go nearly coincide indicates 
that, for engineering use, the lower of the two curves can 
be used for any inta-mediate value of e. vrithout excessive 
conservatism. 
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Prom fi^^ure 3, it may "be concluded that if a plate 
is longer than five times its width ("b/a < 0,2), the 
error that is involved in assumin^^ it to be infinitely 
lour for the purpose of calculating its critical shear 
stren.^th is less than 10 percent and is on the conservar- 
tive side, 

Langle;T aeiuorial Aeronautical Laboratory, 

ITational Advisory Comi^ii t teo for AeronauticB, 
Langley Jield, 7a^ 



APPEHDIX A 
SOLUTION BY 1} IJFEESNT lAL S^U^^TIOH 

The exact solution for the critical stress at v/hich 
bucjclin.^ occurr in a flat rectangular plat e • sub Ject ed to 
a shear force in itv^ c-n plane na;^^ be obtained by solvi-i;:^ 
the differential env.ation which e.^':press5s the equilibrium 
of the buckled plate, ^he plate is assUL^ed to be infi- 
nitely lon^-j aii^] Oi.iual elastic restraint l- against rotation 
are assumed to be presen'f- alon^:, the tv/o ed^cre^ of the plate. 

Jigure 4 shC'JS the coordinato sj^steiT: used. The dif- 
ferential equa,tion for equiiibriar: of a plate element is 
( ruf erence 3, p. 30:3) : 

Jhll ^ 2^ll^.. ^ ^lA ^ 2it£^ .0 (JUl) 
^cx ox (jy cy / cxfiy 

where 

w deflection ci plate at (x,y) frcn unstr^-ssed position 
T uniforuily liistributen shear stress 

D flexural stiffness of plate per unit len^/th ^ 

L13(1-|^")J 

t thickness of plate 

E modulus of elasticity 

^ Poisson ' s rati o 
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It is known that the formula for the critical shear 
stress T is of the form (reference 2, 359) 



T = 



12( l-^p"-)!)' 



where kg is a constant to he detormined, Sul: s t i t nt i on 
of equation (A>-2) for t in equation (A~-l) and eliiuina- 
ticn of the constant factor D ^^lives the equation 

0 'c '^w h w 277 ^ k ^ ci ^w 

+ 2— ~ + + .Ji = 0 (juro 

ox ox^cy'' h*^ Ixiy 

If the plate io infinitely lon.^ in the x-diroct ion, 

the di stur r)i2i.^ effects du.3 to trw^ local conditions at the 
ends ^;^ill not effect the dof 1^? ct i o-i o.t any particular 
point, and the deflection i: ay bo t^.^ku:i to bo p:iriodic in 
X, It is therefore ar, c^uinod th;j,t 



1 — 

w = Ye ^ (-A-4) 



whore \ is the half wave leu^^th of the ouckle? and Y 
is a function of y only. If expression (JU4) Is su>>- 
stituted into equation i^Z) , fand the variable z ^ y/b 
is introduced, there result;^ an equation in nond iuiont^ i onal 
form which defines the function Y: 



d Y YrrA d^Y /Trh\ ^ /TTh^ . dY 

d2 V\/ dz" ^dz 



Equation (A-o) is satisfied by 

iins 



Y := 



\3 
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provided 



(iU6) 



Solution of equation ( A— 6 ) v/ill rosult in four values of 
r, which may "be temporarily de?irriated as m^^ m^, ms, m4, 



wh^ro tho coefficients ?, Q,, B, ard 3 arc-^ to bo 
determinocl froiu the tcunuery conditions. The ooundary 
conditions alon^^ the two loaded ed.^cs aro: 



(T) 1 = C 



1 



(JUlO) 



d^YN 

D — ; 



(.^11) 



where Sq is the stiffness per unit len^^th cf the elan tic 
r e 3 1 rain injt;; medium along the ed,r;es, or the jccinent reouired 
tc rotate a unit len.5th of this r.sdiiairi thrcug;il/4 raoian. 

If the conditions • i-en in equations (A— 3) to (A— ll) 
are imposed upor; equation (A-?), four equo-tiona in ?, G,^ P., 



an a 



rosult ar ic11ov/g: 



Pe 



(A-13) 
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,^2 .^'3 .^*4 

-i-^-^i --i--,^ 

+ Ro ^ + Se 



(A-1-.) 



^. i > 



• 3 • 3 t 



m 4 



i^f rn^Pe + in;^qe""^^-^ + m^ne"'^''^ + m 43e"^^"'-^y = 0 (A-15) 



v/her e 



The quantity e specifies the Cioeree of fixity along the 
edr^es and is terr^ed the ''restraint coefficient," 

Th'3 ouckled form of er^ui litr ium of tho plate tocoraes 
possible \fhcn the do t orm i nan t forrried l^y the coefficients 
of P, q, R, ani S in cqn.Mtioas (A^12), (A-i:3), (A-14), 
and (A-15) equals zero, that is, 



c ^ 


^i£!j. 








i^znje-^^^ 




e 


TP ^ 




+ 


i € Hi ) e 


e ^ 


"IT 






+ 


if:in3)e £ 






r 4 


(2^4 


+ 


^ m 4 

ic 1114 ) e'^"'''^ 
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or 



I^(n^^-r.:„')(i:.3^-rn4") + ^^(:i.,-m;,)(: 



.1 . ril-ns . m;5-K.i 
i .-5 4 ) h i n— s i n— ^ — 



1 ^ p r 2 P- 



a ?.n--i — -^s m 



J 

; ^ f V V f \ I . nip— Ei4 

— I 1 ^ ni-j— m 4^—232 ( EL^— in 4/ 4 ( ri 1— ) 1 s ir.— — -co o-—— — 



•The coefficients l:^ , r.^:, n^, and 
of eiinatior. (A— r ), \vhich is of tV,e form 



ar e \i ol iit i on 3 



The Slim of the products 01 the roots of this equcition, taken 



r at a time, is (-1) a^. Thus, fro::: equation (A-6), 



nj 3^ + E J. + m 3 H- m 4 = 0 



/•IT A' 



4 - 



r 



f A- 
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Prom the first of ecjuetlons (A— 17) it appears that 
the sum of the roots is zero. It is therefore possilDle 
to stihst it ut e in place of m^, jn^^, r^s, and the 



exn re s s i ons 



2 
m 



s _ 



V + 3 

V - p 

-Y + ia 



^3 

2 

— c — Y — la 



(A-18) 



Upon rrabst itvction of the values of (A-19) in equations 
(A-IG) and (A-17) there is olitained for the stability 
criterion 



2a,3^^iY--- j (cosh 2a cos 23~cos 4Y) 

- j 4Y ^ O '^-a'^ )- ( p ^+a^ ) ^_ C 4Y 

L 4 J 



sinh 2a sin 23 



+ € i a(4Y*+a=^+3^) cosh 2a sin 2$ 
u 

+ p(4Y''-a*-p*) sinh 2a cos 20 - 4aPY sin 4Y 



= 0 (Ar-19) 



and for the relations between a, 3, Y, and the param- 
eters. 



a — p — 2Y = — 1 TT~ ; 

2 \ kJ 



(A^20^) 



■3 V X/ ^ 



(Ar-20h) 



- 2 a. . 2 2, 

(a +Y )(3 -Y ) = 




1^ vi. 



(A-20c) 
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Ins 
thy 

e a u 

the 

in 

rec 

rev 

the 

the 



pection of equation (A— 19) discloses that the val 
—hand side is independent of the si.^n of 
s (A^nOa), (A-*20>.), and (A-^nOc) v:hich define 
only in eq\iatiori fA— 2 01.) does Y occur 
t pGw.^r. As tho si^f^ri cf Y mahes no differ 
ion (A— 1?), it ip evirent that no difference 



left 
at i on 
and 
firs 
equat 
ult i 



n 



the etahilit^ criterion if ths s i i^n cf kg 

?he physical significance c:-- this result 



119 of 
In 
a, 

to 
enc e 
will 
i 

is tha 



e r s e d 

critical shear stress for the plate is independent cf 
■I ire 



jcticn of the npr.-lied shear force. 



The definint^; eqtiaticns (A— 2Ca) and (A— 3Cc) may "be 



s 1 V e d for 
purposes 



a 



md 3 in teriLS of 



coiLputQt 1 ou ; t hup , 



o/X 



or 



a = 



4 V X J 



+ 2 /Y' 

V 



4 \ X / 



P - 



4 V\ > y 



4 V\ / - 



2) 



The fcllov/ing prccedure vras enrolcyed to cojiipiitc the 

exact vali'.es cf for selected value;^. of h/x and c: 

By u^e of an aGsumod value of Y, the values of a ani 
3 vrorfi calculated froiri equations (A-21) and (1^22). Valuv. 
of 0., and Y v;ere then oUl:otituted in the stability 

criterion (A-IQ) tpgethor vrith the selected value cf 
If the crDtericn 'van not sati^jfied, the process v;as re- 
peated •xntil a value cf Y wa^ found (/■ener.xliy hy plot-- 
tin^ the results of previous c CD.putat i pn^ ) th ,t would sat- 
isfy equation (A-l^), When the criterion v/a-? finally sat- 
isi lea, r. cr,n- istent sat cf valuer of |5 ^ / nd Y va^ 

then a^.^aflahle v;.":ich, v;hen su'b s t i tv.t ed :'.nto c'.quabion (A— :3C) 
dotormined kg?. 
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Values of kg deteriuined from this procedure are narked 
(c) in columns ("b) cf ta^le I. 

For the extreme casv^s of s iinply— suppo rt ed edfijes 
( e = 0) and of clai,:ped edges et'iuation (^16) 

reduces to the follov;int; forjiis: 

Por € - Cj 

(n. r-m.^ --ni^ )sin— — -^sm—^ — — 

3 2 

2 2 

For e = cD^ 



) B .1 n— G i n — ^ 

2 2 



■(r,:.-m3; ( m^— .J am sin 



= 0 



The Tie relations vere --t^iven Southwell and Skan (refer— 
v-^nce l), whose classic paper furnished the basis for the 
v/ork described in thic ai^pendix, 

APPEHDIX 3 



Because the exact solution of the differential eaua- 
tion r^iv^n in appendix A yields critical values cf k^. 
cnl7 v;ith considerable labor, an energy solution v/as ^ade 
to aid in the c on 3 1 rvc t i cn of the .?hart cf fi^^ure 2. The 
enerf:y method rives approximate values for kg, the accu- 
racy of w>ich rlepenoG upon hcv; closely the assumed deflec- 
tion surface describes the true deflection surface. 



The ener^!;y method a?? ^*PP^-i?'^ o the calculation of 
critical ptressris ir giv^n in reference 2 (p, Z27) . The 
pl*-te i-:^ table v/lien "^i + ^ ^^^stal:le v/hen 

7. + < vjlisr^^ T ^ir the v/ork dc^e by the shoar— 

in:; force on the plate, i^ tl:e strain enor^;y in the 

platG, and. vV is the otrain enar-^y in the two elastic 
r .::r>trai-'iin-?: modiumb alonr the e:] :e:? of the plate. The 



c J.* i t i a .].. £: t r 0 s s is c d t :\ i n . 
3t-.hility, 



frcrr. thq-^ condition of neutral 



'vhbn a ch:/ar force is apx-lij^l to a platu in its ovrn 

plane, the nodal line^ -^r e inclined at an an^le to thvi 
sides of the platt^o Advanta^'e is taV^n 
thi: u^^c c.f cljliry;e c o o rd 1 n ^ 

c 1 ]. i que c o c r i n a c c s :v , j ^ r 
0 a r t ti; i a n coordinates 
e qixat ions , 



of tJ-iic^ J act oy 

a £5 frho'-'n in i'ig".:rc Thn 

r ;• 1 :;• t 0 1 to h n, o r usual 

t !ir c u.^h the t r^in s i c rnia:; i on 



xi-v-^ysin^ 
y ' = y c; 0 f: ^ 



where 0 ic the. ??n:H:le of ii'clination of the nodal linec. 
Ag in appendix A, the plate ii\ ar^sunie'^. to he infinitely 
lon-^, so that the conaitionr of -^.^eGtraint nt the ends do 
not matter. 



T V 



In the ohlic^ue cccriinBto pyste::-, tho expvf^ssi on s for 
mo. V,.^ arr (see ::e::^^rcnce , p-^3. ;^ 0? and o-37, and 



reference es.,uation (lE—vt; for e qui v::'' 1 e nt Cartesian ex— 

pre z s ions) 



T Tt ^ / ^ ^ ^^^^^ + fi-^V Sin dxdv 



X 



+ 2(li+ tan'v)--- --- + 4 ----- { + ~l~ ) -—J '^^^ 



1/ ■ 
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In order to C'^aluatfi T, , and it is nec- 

essary to assume a deflected siirface w consistent 
v/itli the "boundary conditions. These conditions specify 
thp-t alonf: the two edges of the infinitely lont^; plate 
there bo no deflection and eaual restraint agrinst rota- 
tion. 

In a solution of the critical compressive stress 
for a iliit rectan£;ular plate (reference 7) by the energy 
methoi, jj^^^^isely thet-e sai^e "boundary conditions were 
consiiered^ The sai;.e deflection equation usee, in that 
reference will therefore serve the purposes of this ap- 
pendix v/hen it is expressed in oblique coordinates. The 
deflection surface as /^^iven in equation (3—9) of refer- 
ence 7, but now expressed in oblique coordinates, is 



v; 



"rre /t'' in ^ /, ^ f.N 
= I'j - ( i + (1 + « 



cos 



Try 

10, J 



COS — (3-2) 



Equation (3-:^) satisfieL^ the boundary condition of no deileo 
tion along the edges of the plate and, on the avera^?;e over 
the length of the buckle, satisfies the boundary condition 
of equil ibr iuci of ii-.0i:ients along the cd^^es, provided 



By use of this forin of the deflection surface to com— 
puto T, V^, and V^, it is found that 
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0-4 

\2 TT"= 



€ + - 

/ 2 



+ 22C 1+2 



(3-5) 



It is peririissi'ble to substitute tha values olDtaine'i 
from eqiiations (3—3), (^-^4), and (3^5) in equation (lUl) 
only when the thear stress har> its critical value '^-r* 

From this sul^st itut icn, 



k iT-'Et" 
12( l-w')^o'' 



whe re 



sin20 /^AVccs^^'' ^-'^^ 



V3 Tf'/ 5 



V3 r,"/ 



C..= 2 



\X20 8 tt"/ \2 ttV 3 

/ 5 2 ^ 2 /' 1 4 ^ ^ 1 

I _ e + __:€+- 

_ \34 \2 

-- U + ■' ^ € + - 

TlV V2 Tl'V 2 



(r- . i - 
V12O 3 



(B-6) 
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The coefficient kg thus is a function of x/t», of 
and of the unknown au^le 0, For given values of \/t 
ana the anf,le of in.clinaticn ^ will aijur,t itself 

to the value tl;at will make k^. a niniuiuni. If the de- 
ck. 

rivative — ^ is oet equal to zero, it is found that 
10 




The an^-le cj) is thus de tr-rmined as soon as values of X/h 
and of € have been seldcted. This value of ^ is to be 
used in equation (3-6) for the deterninat ioa of k^. 

Equation (B-6) v/as used to calculate the values of kg 
listed in the columns designated (b) of table I. V/ith these 
values of kg as a ^fiuide, a number of correct values of kg 
v/ere obtained by satisfying?; equation (A-19) of appendix A* 
In this manner, the orrors in kr, as ^;;ivc;n by equation 
(B-6) v/ere established at regular intervalr>, Frcu: tliis 
knov/ledge of the errors, correction were radc to all the 
values of kg .f^iven in columns (a) of table I, These cor- 
rected values of k^, which are rocommanded, are listed 
in the columns desivgnated (b) of table I and v;ere used in 
the construction of figure 2, 
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TABLE X 



VALUES OF k, IK THB BQUATIOM FOR CRITICAL SHEAR STRESS FOR AH 
INFINITELY LONG PLAT PUTS Wlffl BQOAL HB3TRAINT3 ALOMO THE PARALLEL EDGES 




0.5 



0,6 



0-7 



0.8 



0.9 



1.0 



(«) 



(b) 



(b) 



(a) 



(a) 



(b) 



(a) 



(b) 



(a) 



(b) 



0 

1 

1.5 

2 



8 
10 
12 

16 

20 

80 

100 
200 

oo 



9.859 
9*922 
10.005 

lo.iil? 

10.271 

io!^n 

10.768 

11.028 

11. 169 
11.245 
11.290 

U.59U 
11.511 



.651^ 
"724 
,808 
952 

,072 

.1720 

.256 



7.021 
7.100 

7i2jE 
7.31^ 



8.56 
8.67 



10.523 



10. 
ID. 
10, 
10. 
11. 
11. 



926 
III 



9.526 




6.p9 

6!9^o 
7.021 
7.095 
7.250 

7*r° 
7*55B 

7.955 
8.152 

3.266 

8.ka6 

|.619 

3.922 

9.055 
9.200 



6.505 

6.769 
6.919 
7.051 
7.169 
7.275 



6.126C 

6.243 

6. ^51 
6.451 
6.543<= 

6.975 
7.0S7 
7.275^ 

7. ^51 
7.563 
7.733 
7.953 
8.206c 

8.575 

8 " 
8 
8 
8 

8.989* 



,738 
,a25<» 



813 
5.962 

6.097 
6.221 

.722 

.^79 
.019 
.256 
• 450 
.611 

.86U 
a. 055 
8.368 
8.565 
8.788 
8.9x6 
8.998 
9.176 
9.374 



5.525^ 

5.687 

5.855 

5.969 

6.095^ 

6.514 

6.S07 

6.675 

6.824 

7.076C 

7.2S1 

7.1*48 

7.708 

7.901 

8.222c 

8.422 
8.6S2 
8.792 
8.662 
9.0210 
9.2200 




1.1 



1.2 



1.6 



1.8 



2.0 



(a) 



(b) 



(a) 



(b) 



(a) 



(b) 



(a) 



(b) 



(a) 



(b) 



(a) 



(b) 



5.872 
6.172 

tM 

6.920 
7-077 
7.542 



8.783 
9.029 
9.168 



5.589 

5.915 

6.508 
6.529 
6.711 

6.877 
7.155 



8.643 
8.898 
9.o4o 



9.591 

9.S00 
10,054 



5.545« 
5.562 

5.753 

6.822 

7.ooi^ 
7.509c 

7.^54 

8.505 
8.695*= 

8.955 
9.213 
9. 

9*8^? 



5.721 
5.970 
6.192 
6.394 
6.577 
6.899 
7.176 
7.598 

7.620 
7.968 

8.248 
8.1i79 
8.857 
9.104 
9.545 
9.810 
10.119 

10.284 
io.4oii 
loM^ 
10.913 



5.907 
6.207 

6.475 
6.715 
6.952 
7.512 
7.655 
7-911 
fi.154 
?-S56 
8.879 
9.15^ 

9*^0 
10.559 
10.655 
11,015 
11.215 
U.358 

14.611 
11.914 



5 

I 

6 

6 

7. 

7. 

7. 

I: 

8. 
8. 
9. 
9. 

10. 
10. 

10. 

11. 
11. 

!!• 
11. 



557** 
850 

5^ 
6lo« 

010 

906 

558^ 

632 

967 

581 

688 

188« 



048 

ii 



768 



168 
S22 
854 

7.800 
8.169 
8.^35 
8.761 
9.210 

m 

10.547 
10.690 
11.251 
11.591 
11.9»5 
12.205 

12.547 

12.651 

12 



5.768 
6.157 
6.465 
6.755 
7.017 



$119^ 



7 



8.491 
8.970 
9.566 
9.680 
10.158 
10.509 
11.085 

11.858 

12.062 
12.204 



^AluMobtalnad fron the 0nmfgy jmthcd 
^V«lw« obtftlMd trcm th* «««ct s<>tutloa o£ tM <lirf«r#ttttal •quatioa 



0.000 
7.2kU 
7.561 
7.846 

8.755 
9.109 
9.417 
9.929 
10.357 
10.672 
11.187 
11.567 
12.190 

12.567 
15.002 

m 



7.178 

7.^75*= 

m 

8.801 
9.126 
9.668C 
10.099 
10.449 
10.984 
11.577 
I2.a29« 
12.421 
12.871 
15.: 
15. i 
13.1 
15.! 



74 
1500 
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Fig. 2 




Figure ^.-Chorf qivmq values of ks in equation for criticol sheor stress 

for an infinitely jcnq flat plafe with equal restroints along 
the parallel edges 



(I block-IOdrViSiciis on |/5G" Cngrscolf) 
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Figare 4.- Infinitely loa^x; rectangular plate "under shear*, cooriinate 
system uaed in appendl:c 
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Fimre 5.- O'Dlique coordinate system used in appendix 3. 



